CONNES-LANDI DEFORMATION OF SPECTRAL TRIPLES 



MAKOTO YAMASHITA 



Abstract. We describe a way to deform spectral triples with a 2-torus action 
and a real deformation parameter, motivated by deformation of manifolds after 
Connes-Landi. Such deformations are shown to have naturally isomorphic K- 
thcorctic invariants independent of the deformation parameter. 



1. Introduction 

Let M be a compact smooth Riemannian manifold endowed with a smooth action 
of 2-torus T 2 = (R/Z) 2 . Connes and Landi jCLj defined an isospectral deformation 
Mg of M for a deformation parameter 6 6 R/Z. The "smooth function algebra" 
C°°(Mg) of Mg is, as a linear space given by the smooth function algebra C°°(M) 
of M, but endowed with a deformed product 

f*gg= e ™<>(mn'-m'n)f g 

when / is an T 2 -eigenvector of weight (to, rc.) € 1? in C°°(M) and g is a one of 
weight (m',n'). In the case where M = T 2 and the action is the translation, one 
obtains the noncommutative torus T 2 , whose function algebra is generated by the 
two unitaries u and v subject to the relation uv = e 2 ^ l6 vu. They also showed that 
Dirac type elliptic operator over M determined by the metric structure on M such 
as the signature operator or the spin Dirac operator continue to make sense over 
Me as unbounded self adjoint operators of compact resolvent over Hilbert spaces 
on which C°°(Mg) acts. Li [Li] showed that the spectral triple defined this way 
qualifies as a "compact quantum metric space" of Rieffel |Rie4j . 

This construction can be easily generalized to a spectral triple (A, H, D) over 
a noncommutative algebra endowed with a smooth action of T 2 when the "Dirac 
operotor" D is equivariant with respect to this action. In such a case obtain a 
new spectral triple {Ag , H , D) over the deformed algebra exactly as in the smooth 
Riemannian manifold case. The C*-algebraic closure of Ag is a particular case of 
the deformation considered in [Rie3 , where such a deformation is shown to have 
the same X-group as the original algebra. 

One question which arises after such deformation is to compute the pairing of the 
Chcrn-Connes character of thus obtained spectral triple with the -RT-group of the 
deformed algebra. In the case of noncommutative torus T 2 , , Pimsner and Voiculescu 
showed that it has the same iC-theory as the ordinary 2-torus in |PVj , then Connes 
|Conl| |Con2] made the computations of the periodic cyclic cohomology group and 
the pairing with the -Kn-group in terms of the connections of projective modules as 
classified by Rieffel [Rielj . 

In this paper we show that 1) Connes-Landi deformation gives isomorphic HP- 
group as the original algebra, compatible with the if-theory isomorphism (Corollary 
[T5)) . 2) deformation of a spectral triple give the pairing of the same image (Theorem 
[3]), somewhat generalizing the above computations for T 2 , to the general Mg. In the 
course of the proof of the latter invariance of Chern-Connes characters we describe 
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the image of the invariant cyclic cocycles under the former isomorphism. In doing 
so we obtain a simple description of the phenomenon like (t^ 6 \ KqC(Tq)) = Z + 6Z, 
for the gauge invariant tracial state on C(Tg) which is sensitive to the change 
of deformation parameter as opposed to Chern-Connes character of equi variant 
spectral triples. 



2. Preliminaries 

In this section we give a basic definition of Connes-Landi deformation of spectral 
triples with a 2-torus action and related constructions. Throughout this paper we 
consider regular spectral triple ( G B VF] . [Ren] ) with an additional assumption on 
the smoothness of the torus action. 

Let (A,H,D) be an even spectral triple (in other words, a K-cycle over A); 
thus, H = H° © H 1 is a graded Hilbert space, A is a *-subalgebra of the algebra 
of the bounded even operators B(H°) © B{H 1 ) on H and D is an odd unbounded 
self adjoint on H which has bounded commutator with the elements A: [D, a] is 
bounded and a(l + D 2 ) -1 / 2 is compact for any a £ A. 

Let S denote the densely defined closed derivation T n> [\D\ , T] on B{H). Recall 
that (A, H, D) is said to be regular when A + [D, A] C domd k . Let A denote 
the operator norm closure of A in B(H). The completion As of A, with respect 
to the seminorms \\S k {-)\\ and \\S k {[D, -])j|for k G N = {0, 1, . . .}, is stable under 
holomorphic functional calculus inside A ([Ren , Proposition 16). Let a be an action 
of T 2 on A by ^-automorphisms. In the following we assume that it is strongly 
continuous with respect to the Frechet topology on A, i.e. for any a G A the map 
t i— > <J t (a) is continuous with respect to the seminorms on A mentioned above. 
Now, suppose that at is spatially implemented on H by a strongly continuous even 
unitary representation XJ t : T 2 — >• U(H°) x U{H 1 ) on H satisfying 

(1) a t (a) = Ad Ut (a), Ad Ut {D) = D 

for t £ T 2 and a £ A. This condition implies that a is isometric with respect to 
the seminorms on A mentioned above: 

(2) \\6 k at(a)\\ = \\S k (a)\\, \\S k ([D,a t (a)])\\ = ||* fc ([D,a])||. 

Put Uf = Unm and = Um t y For i = 1,2, let hi denote the generator 



hit; = lim 



t^o t 

and put a[ 1 ^ = Ad rr (<) |^. In addition, we write [h,a]^ for the iterated derivation 
[hi, • • • , [hi, [h 2 , ■■■ , [h 2 ,a] •••]]•■•]■ 

" v ' " v ' 

Ql X Q2 X 

Since the derivations [hi, —] are closable and have dense domains on A, a extends 
to a strongly continuous action of T 2 on A by Theorems 1.4.9 and 1.5.4 of [Bra]. 

Let ^4°° be the subalgebra of ^4^ consisting of the elements a such that the map 
t h-> cr t (a) admit arbitrary order of derivatives in As- The algebra A 00 is stable 
under holomorphic functional calculus inside A. On the other hand, by the strong 
continuity of a and ([2]), the element 



(7/(0) = / f(t)a t (a)dt 
Jt 2 

is contained in As for any smooth function / on T 2 and any a G As- Thus „4°° 
is a dense subalgebra of A which contains A and is closed under the holomorphic 
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functional calculus. Moreover it can be characterized as the joint domain of the 
following densely defined seminorms on A; 

(3) u kia (a) = js k ([h,a] (a) )\\ + ||^([A [M] (a) ]) 
for k G N and a = (a 1 ,a 2 ) G N 2 . 

Remark 1. When we define the algebra A°°, the higher derivatives of the functions 
1 i-> at (a) for a G A°° are only required to have their derivatives of arbitrary order 
in .4,5 with respect to the operator norm topology. Then for any aA°° there exist 
derivatives of a t {a) with respect to the seminorms ||(5 fc (o)|| + ||(5 fc ([D, a]) || for k G N. 
Indeed, for i = 1, 2, we know that di<j t (a) exists with respect to the operator norm, 
equals [hi, <Xt(a)], and it is an element of As- For any k the operator S k ([hi, at(a)]) 
is bounded and equals [hi, a t (S k (a))]. Now, one has 

5 k (a t (a)) = S k (a) + t 8 k {[h u <7« (a)])dr + A*' <5 fc ([^, ^V^ (a)])ds, 
Jo Jo 

which shows d2S k (a t (a)) = 5 k ([h2,<J t (a)}). This shows that the map cr t (a) is differ- 
entiate by 82 with respet to the seminorm ||5 fe (a)|| and that the partial derivative 
is [h2,<r t (a)]. With an analogous argument one has di<j t {a) — [hi,a t (a)] with re- 
spect to this seminorm. Next, by induction on the order \a\ of differentiation, one 
obtains that the higher order derivatives of at (a) exists with respect to the semi- 
norm ||<5 fc (a)|| and agrees with the ones with respect to the operator norm case. 
The case for the seminorms ||<5 fc ([-D, a} ) || fro k G N is similar. 

By the stability under the holomorphic functional calculus, the change of algebras 
from As to .4.°° does not affect the i^o-group (which is isomorphic to K (A)) and 
they have the same if -cycle given by H and D. In the rest of the paper we assume 
that A = A°°. 

The Hilbert spaces H l for i = 0, 1 decomposes into a direct sum of eigenspaces 
H\ m „) of weights T 2 ~ 1? characterized by 

i e H\ m n) ^ U t i = e 2 ^ mtl+nt2 ^ 
for t = (ti,t 2 ) G T 2 . Similarly, for any bounded operator T on H, put 

(4) T (m . n) = / e-™< mtl+nt *) M Ut {T)dv{t) 

where /x is the normalized Haar measure on T 2 . Then T( TOj „) satisfies Adu t {T( m ,n) ) — 
e 2-Ki{mti+nt 2 )rp^^ an ^ rp can ^ e ex p ressec i as a sum ^2^ m ^ T( TO>n ) which converges 
in the strong operator topology. 

Let B(H)fi n denote the subspace of B(H) consisting of the operators T where 
T( m ,n) = except for finitely many (m, n). Put Aa n — An B(H)a n . 

Definition 1. Let 9 be an arbitrary real number. Given a bounded operator T 
on H which is an eigenvector of weight (m, n) G Z 2 for the action Ad[/ t of T 2 , we 
define a new bounded operator on H by 

rp{6) £ ^rri0{rnn' —m'n)rp^ 

for £ G i?( m ' „/). We extend this to the operators in B(H)a n by putting = 

.(«) 

(m,n) " 



Note that we have (T^)* = (T*) (e \ When T is homogeneous of weight (m, n) 
and S is a one of weight (m',n'), we have tW> = e ™(" m '- m '") e (TS)W. 
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Remark 2. We adopted a presentation of which is slightly different from the one 
given in |CL) . Let V be the unitary operator on H characterized by V£ = e" 9m n £ 
for £ £ Hf m / <n /\, and <fi be the linear transformation of B(H)fi n characterized by 
cj>(T) = e -" em ™T when T £ B(H) (m . n) . Then we have 

V<f>(T)^V*£ = e 2wiemn 'T£, 
which agrees with the deformation given by Connes and Landi. 

Lemma 1. Let T be a bounded operator on H which admits derivatives of the map 
t M> Ad(/ t (T) up to the fourth degree in B(H) in the weak operator topology. Then 
the sum n )6Z 2 ^(m n) * s absolutely convergent to a bounded operator in the 
operator norm topology. 

Proof. For i = 1, 2, let di denote the partial differentiation in the direction of ti 
of functions F{t\,t2) denned on T 2 . Let (m, n) be any element of Z 2 . We claim 
that the bounded operator S — d\ Ad{/ t (T)| t _^ ^ satisfies S m . n = mT m<n . Indeed, 
when £ £ H m i >n i and rj £ H m " ,n" i we have 

(Ad^(i) (T)£, 7?) - (T£, 7?) e 2«(m"-m') S _ 1 

= (T£,V)- 

s s 

The left hand side converges to rj) as s — > 0, while the right hand side converges 
to 27rz(m" — m')(T£,if). Hence we have that 

e -27Ti( m t 1+ nt 2 ) Uf ^ = 27r j( m " _ m ') e -2«(mtl+St 2 ) ( T £ ^ 

where one puts rh = — m — m' + m" and n = — n — n' + n" . This leads to 

■m')(T£,r]) (m = m" — m' ', n = n" — n') 
(otherwise) . 



(Sm,n£,, if) 




This agrees with the value of 27nm(T mjrl £, rj). Hence the bounded operators S m ^ n 
and 2-nimT m , n agree on the linear spans of the H m i .„/ for (m',n') in H. Since this 
subspace is dense, we have established the claim. 
Iterating the above argument, we obtain 

((Of + d\f Ad Ut (T)\ t=(m ) m , n = 167r 4 (m 2 + n 2 ) 2 T (m , n) 

for any (m, n) £ 71?. Since the correspondence T i-> X( m)n ) is a contraction, we 
have 

1 



| T (m,»)ll ^ l 6 ^4( m 2 +n 2) 



(5f + ^Ad J/t (T)j 



t=(0,0) 



for (m,n) £ Z 2 \ {(0,0)} Now, the assertion of Lemma follows from the fact that 
(m 



= || ^(m,n) ||- n 



Lemma 2. The subspace Ae C B(H) of the operators a' 6 ' /or a £ A is closed 
under multiplication. 

Proof. Let a and o be arbitrary elements of A. We than have 
(5) a^b™ = ( ^ e^(™"'- m '")a m , n 6„ 

\ (m,n),(m',n')£Z 2 

In order to show that the series in the the right hand side defines an element of 
A = A°° , it is enough to show that it is uniformly convergent with respect to any 
of the seminorms i/f. a for k £ N and a £ N 2 . 
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By induction on k and \a\, we know that there exist numbers C ; indexed by 
k, I e N and a, /3 € N 2 satisfying 

<J fc ([h,o'6']^) = ^ C{^ , ([/i,a / ](«)**- I ([/i > 6f Q -«) 
;<fe,^<a 

for any elements a', 6' € A Let us fix k G N and a G N 2 now. Then, for any 
I < k and < a, the functions a t (S l ([h,a}^)) and ot(<J J ([fc, i>] ( ^)) admit bounded 
derivatives in t G T 2 of order 4. Hence we have the absolute convergence of 

$ l i[h,a m , n ]W) 

(m,n)eZ 2 

by Lemma [1] Hence the infinite series 

is also absolutely convergent, which implies the convergence of 

J2 e" e ( mn '- m '^S\[h,a m .J^)6 k "\[h,b m ,^ a -^). 

Combining this for all the indices I < k and f3 < a, one obtains the convergence 
of the right hand side of (|5|) with respect to the seminorm S k ([h, a']^) for a' G A. 
With a similar argument we also have the convergence of that series with respect 
to the seminorm 5 k ([D, [h, a']^]), hence also with respect to Vk,a- This proves the 
assertion of Lemma. □ 



Definition 2. Let A, H, D, a and U be as above and 6 be an arbitrary real number. 
The algebra of the operators for a G A is called the Connes-Landi deformation 
Ae of A. The operator norm closure of Ag inside B(H) is called the Connes-Landi 
deformation Ag of A. 

Remark 3. Let a be an action of R d on a C* -algebra A and J a skew symmetric 
matrix of size d. Rieffel |Rie2) defined a deformed product 

(6) axjb = J <Tj u (a)a v (b)dudv 

on the cr-smooth part A°° of A by means of oscillatory integral. In our setting, 
the action a of the 2-torus induces an action of R 2 . For the 2x2 skew symmetric 
matrix J, consider the following matrix (cf. loc. cit. Example 10.2) 




Then the deformed C*-algebra (A°°, x,/), which is obtained as the C*-algebraic 
closure of (^4°°, Xj), is isomorphic to Ag. Hence the presentation of the latter on 
H as in Definition [2] gives a representation of (^4°°, x j) on the graded Hilbert space 
H as even operators. 

Note that the equation ^ defines a product on A under our assumption. The 
correspondence a i— > gives a representation of (A, Xj) on H. In the remaining 
of the section we show that Ag satisfies the conditions assumed for A. 

Lemma 3. For any a £ A and any 8 G R, the operators S k ([h, a^ e ']^ a ') and 
6 k ([D, [ft,,aW] M ]) are bounded for k G N and any a G N 2 . 
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Proof. Applying Lemma Q] to T = S k ([h,a]^), one has the absolute convergence 

of £ m ,n* fc M (Q) )S,„)- Since <5 fc ([M (Q) )2,„) = **([MS£, n) ]< a) ) and T H- 
<5 fc ([/i, T]( Q )) is closed on B(H), one has 6 dom^Q/i, -]( a )) and <5 fc ([/i, a W]( Q )) = 
<5 fe ([/i,a] (Q) ) W - □ 

Lemma 4. For any a <E A and 9 £ I, the operator a^(l + D 2 )~ x l 2 on H is 
compact. 

Proof. The operator a( m .„)(l + D 2 )^ 1 / 2 , and + £> 2 )~ 1,/2 which is similar 

to the former, are compact for any pair (m,n) G Z 2 . Applying Lemma Q] to the 
operator a(l + D 2 )^ 1 / 2 , we know that 



(l + £,2)-l/2 = Hm 



V 

AT->oo ^-^ 

m|,|n|<A 



"SJI + O 2 )- 1 



-1/2 



is also compact. 



□ 



Proposition 5. 77ie triple (Ag, H, D) is an even regular spectral triple. The action 
Ad(7 t on Ag by T 2 is smooth and Ag is complete with respect to the seminorms Vk.a 
for k G N and a G N. 

Proof. The fact that (Ag. H. D) is a regular spectral and the smoothness of Adj/ t 
on follows from Lemmas [3] and Q] 

Let (a k )fcgN be a Cauchy sequence with respect to the seminorms Vk,a in Ag, 
convergent to a bounded operator S on H. Then the map 1 1— >• Ady^S 1 ) is smooth 
on T 2 . Hence we have a bounded operator S^' 6 ^ on H. It remains to show that 
since one would have S = (S { ~ 6 ^ G Ag then. 

Let m G N and a G N 2 . As in the proof of Lemma[TJ there is a universal constant 
C such that 



< C 



Ad Ut (S m ([h,a^-a^)}^) 



C 4 (T 2 ) 



5 m ([h,(a ( ^ -4^) M) ] (a) ) 
for any fe, fc'. Thus we obtain 

<f"([Mfc - 0fc ,]< a >) < C max i/ m , a+Q , (4 0) - af ). 



There is also a similar estimate for ||(5 m ([D, — ||. Hence the sequence (ak)k 
in A is a Cauchy sequence for the seminorms Vk,a, which is convergent to S^ 6 \ 
This shows eAs. □ 

Remark 4. The newly obtained spectral triple {Ag, H, D) again satisfies Ag = Ag* 3 . 
Hence one can form (Ag)g' for yet another deformation parameter 9' ', which is 
identified to Ag+g> . We also have ^4o = A. 

Example 1. Let A be the smooth function algebra C°°(T 2 ) over the 2-torus, H = 
L 2 (T 2 )® 2 and 

o idi + d 2 

id! ~d 2 



Consider the action of T 2 on A given by the translation. Then the spectral triple 
(A.H,lfi) is regular and satisfies A = A°° . Given a real parameter 8, the corre- 
sponding regular Connes-Landi deformation Ag is precisely the algebra of Laurent 
series J2( m n)ez 2 a (m,n) umvn of rapid decay coefficients over the two unitaries u and 
v satisfying uv — e 2 vu. 
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3. if-THEORY OF CONNES-LANDI DEFORMATION 

We keep the notations A, A, a, Ag and Ag of the previous section. We extend a 
to A. As remarked in the previous section, as an abstract C*-algebra Ag is the de- 
formation algebra studied by Rieffel in |Rie2j , |Rie3j and shown to have isomorphic 
K-growp as A. In this section we elaborate a similar crossed product construction 
in order to show that Ag and A have isomorphic periodic cyclic cohomology groups 
which is compatible with the isomorphism between the JC-groups. 

Note that there is an action 7 of T 2 on C(Tg) called the gauge action, given by 

lt (u a v b ) = e 2m(tia+t * b) u a v b . 

We obtain the diagonal product action a <£> 7 of T 2 on the (minimal) tensor product 
A® min C(T 2 ). 

Proposition 6. The algebra Ag is isomorphic to the subalgebra of A ® m in C(Tg) 
consisting of the fixed elements under the diagonal action a (g> 7 of T 2 . 

Proof. When a S A is a T 2 -eigenvector of weight (to, n), a<Z>u~ m v~ n is in the fixed 
point algebra (A CSWn C(T 2 ,)) <T ® 7 . The correspondence a w h-> e ~"" me a ® vr m v- n 
defines a multiplicative map / from Ag fl B(H)& n into (A <g> m i n C(Tg))' 7 ® 7 . 

Let a be an element of A. By the estimate given by Lemma [TJ one has the 
absolute convergence of J2 m n a m, n u~ m v~ n inside (A ® m in C(T 2 ,)) cr ® 7 . Hence / 
extends to the subalgebra Ag of A# . Since Ag is stable under holomorphic functional 
calculus, the spectral radius of in A is the same as that in Ag. It means that / 
is a contraction and extends to a *-homomorphism of Ag into (A® m j n C(T 2 ,)) cr ® 7 . 

We first prove that / is injective by contradiction. Suppose that there was a 
nonzero positive element x in the ideal ker / of Ag. On one hand we have f(%o,a) — 
2^0,0 ® 1 7^ 0. On the other hand, since / is equivariant for the action Adj/ t on Ag 
and fx®l on (A ® m i n C(T 2 ,)) <T ® 7 . Hence the ideal ker/ is invariant under Ad[/ t and 
i(o,o) ^ ker/. This is a contradiction, hence / is injective. 

Next we prove the surjectivity of /. By construction its image contains the 
linear span E of the elements of the form a <X> u~ m v~ n for where (to, n) € 1? and 
a G A is a T 2 -eigenvector of weight (to, n.). Since any homomorphism between 
C*-algebras has a closed image, it is enough to show that the closure of E agrees 
with (A® min C(T 2 ))^ 7 . 

First, note that if a sequence (ak)ken m converges to a T 2 -eigenvector a in 
A of weight (to, n) € Z 2 , so does the sequence ((ak) m ,n)ken- Hence for any T 2 - 
eigenvector a E A of weight (to, n), the element a (g> vT m v~ n lies in the closure of 
J5. 

Next, given any element x in (A ® m i„ C(Tg)) a ® J , eigenspace decomposition with 
respect to the action a (g> 1 gives us the T 2 -eigenvectors (a m ,n){m,n)&' 1 satisfying 

Let Cm]n be the sequence finitely supported coefficients defined by 
{k) _ \([m,k + m\ x [n,k + n])n([Q,k] x [0,fc])nZ 2 | 

C )n,n — 7^ • 

By the Fejer kernel argument as in [BC , the sequence 

^ ' ciri, n a m,n ® U V , 

converges to x in norm. This shows that E is dense in (A <E> m in C(T 2 ,)) <T ® 7 . □ 
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For i = 1,2, let crW denote the automorphism of T 2 K a A which is dual to a^K 
Let L 1 (T 2 , A; a) denote the algebra of A- valued measurable integrable functions on 
T 2 endowed with the cx-convolution product (/ * g) t — J f s a s (gt- s )ds. Then the 

crossed product Zk ct( - 2) T 2 A by er( 2 ) can be described as the C*-algebraic closure 
of the normed *-algebra of the Laurent polynomials J^ fc fkv k with coefficients in 
L 1 (T 2 , A; a), whose product is given by 

£ fmV m * £ 9^ = £ /™ * *2(9n)v m+n . 

The algebra Z x ( - 2) T 2 x CT A admits two automorphisms of interest, the first 
being 

and the second being 

^(£/^ fc )=£e 2 ™ fc 7^- 

Let (crW, ae) denote an automorphism of Z K ( - 2) T 2 k ct A given by the composition 
of these two automorphisms. 

Lemma 7. The algebra Ag is strongly Morita equivalent to Zk^ ^ Zk^ ( - 2) T 2 K a A. 

Proof. Since the action of T 2 on C(Tg) has full spectrum, so does the one on 
A® C(Tg). Hence Ag, which is isomorphic to (A <g> m i n C(Tg)) T2 by Proposition 
[6l is strongly Morita equivalent to T 2 k (A <g) m i n C(Tg)) (this follows from |Ng| , 
although it should have been known to experts beforehand for this particular case 
of compact abelian group action). The latter algebra is generated by A and the 
operators J dtf t Ut of unitaries Ut for t 6 T 2 integrated with coefficient functions / 
in L 1 (T 2 ), u and v satisfying 

Ad Ut (a) = o t {a) k& Ut {u m v n ) = ^(mti+nt^m^n 

[a, u m v n ] = uvu* = e 2 "% 

for any feT 2 and (to, n) E Z 2 . This can be identified to Z tx — ; Z k ( - 2) T 2 x CT 
A. ! ' ' □ 

By abuse of notation, let a e denote the automorphism of Tk^i) A characterized 
by ' 

*?\f)t = af\ft) (f£L\T,A),t€T). 
Then we denote by (erW , cr g 2 ^) the composition of crM and . 
Lemma 8. TTie algebra Ag is strongly Morita equivalent to Z x -rpr (2 ) T K CT (i) A. 

(2) 

Proof. Let V denote the unitary represented by Ug in the multiplier algebra of 
Z X ( - 2) T 2 tx „ A. Thus, V is characterized by 

V.fv =o-y(g)v , .K = e 

for / e L^T 2 , A), where g denotes the function f{h,t 2 - 9). Then V is (aW,a e ) 
invariant and the crossed product of Z tx j 2) T 2 k ct t4 by Z given by the automorphism 

(crW, ag) and the one by Ad^ o(cr( 1 ) ; a e ) define isomorphic algebras. 
Now, one computes 

Ad v o^W o a e {fv k ) = Ad v {e 2mke hv k ) = of \h)v k , 
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where h(ti,t 2 ) — e 2mtl f(ti, ta). hence the automorphism Ady o(cr( 1 ), ag) is equal 
to the composition of erW and af^. Thus we have an isomorphism between the 
crossed products as 

The right hand side can be also expressed as 

z x CT <2) T x CT <2) Z tx^ ct <2) T ix CT (i) A. 

By Takesaki-Takai duality Tak , this algebra is isomorphic to the tensor product 
of Z x -jjj ( 2 ) T x CT <i) A with the compact operator algebra /C, which proves our 
assertion. □ 

Remark 5. The strong Morita equivalence of Lemma [5] can be described in terms of 
a bimodule £q as follows. As a linear space, take £q as the tensor product l-^L ® A. 
Define left actions of A, C*(T) and Z on £q by 

a( m ,n)-4 ® 6( m ',„') = 4 ® at, 

*«<W) = (o (otherwise), 

u.S k ® 6( m ,„) = e 27ri£, "4+i <S> 6, 

where a( m .„), 6( m .„) denotes any element of A with weight (m, n) for cr, is the 
function i i-> e 2mkt in the convolution algebra C*T and u is the generating unitary 
of C*Z. These form a covariant representation of Z,T and A with respect to the 
action of T on A and (<Ti, cr^) of Z on T x ff (i) A. 
Next, consider a right action of Ag on £q by 

4 ® &(m',n')- a (m,n) = e^^Sk+m ®mi„ &0- 

Then £ has an A e -valued inner product (4fl( m ,n),W{ro¥)) = <*fc-m,J-m' (a*6) (e) . 
The completion £ of £o with respect to this inner product becomes a bimodule over 
Z k. CT<2 ) T K CT (i) A and Moreover the operators coming from Z x T x A are 

precisely the Ag-compact operators. Hence we obtain 

Z x^ ct< 2) T K CT (i) A ~ End^ e (f) ~ /C® A e . 

Let (cW, Cgj^) denote the action of R on R x ff (i) A given by 

((^,^ ) )t /)a = e a ' rt ''V (0 , Wo) (/ a ). 

Proposition 9. The algebra Aq is strongly Morita equivalent to Ek ^ (2) Mt< ff (i) 
A. 

Proof. For any automorphism a of A, the mapping cone M a A of a is defined to be 
the algebra of functions from R to A satisfying f(t + 1) = a(f(t)) for any ( £ 1. 
It admits a natural action a, called the suspension flow, of R by (a s f)t = f(t + s ) 
Regarding this flow we have the strong Morita equivalence between R Xg M a A and 
R x Q A. 

The crossed product R X CT (i) A is isomorphic to the mapping cone of erW on 

T x CT (i) A, and the suspension flow is identified to crW : Rn-1 K ff p) A. 

We claim that the mapping cone of the automorphism^ 1 ), Cg 2 " 1 ) on T x cr( i) A 
is isomorphic to R x CT (i) A. Indeed, there is the 'untwisting isomorphism' / 

(2) 

om M^T x ct( i) A to p)TK ff (i) A which is compatible 

with the suspension flow. □ 
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Corollary 10 ( |Rie3] ) . The K -groups of A and Ag are naturally isomorphic. 
Proof. By Proposition^ the if -group of Ag can be identified to that of R x -rj ; m 

a ' a et 

R tx CT (i) A. By Connes- Thorn isomorphism |Con) . the latter is naturally isomorphic 
to the if -group of R K^i) A with parity exchange in the degree. This does not 
depend on 9. □ 

3.1. Smooth KK-equivalence of CL deformations. Now we turn to the smooth 
analogue of the above KK-equivalence between the Connes-Landi deformations. 
The strong Morita equivalence of Proposition[S]restricts to an isomorphism between 
the rapid decay infinite matrix algebra with coefficients in Ag and the "smooth" 
crossed product Z K T x A. 

Let T K CT (i) A denote the algebra given by the convolution product on the linear 
space C°°(T;.A) with convolution product twisted by This algebra has semi- 
norms given by the seminorms Vk, a for k £ N and a s N 2 on A and the derivations 
with respect to the variable on T. Next, let Z ^ (g) T A denote the 

algebra of sequences (/ n )nez in 1" ^o-W -4 which are rapid decay with respect to 
the aforementioned seminorms, endowed with the convolution product twisted by 
<7 (1) cr (2) (0). We have the inclusions TK ff(1) ^cT«i and Z K a . ( i )(T( 2) (e) T ix^i, .4 C 
Z k T ix A into the corresponding C*-algebras. 

Let K,°° denote the algebra of the rapid decay matrices on Z ( [Phi] . Section 2): 
the elements of K°° are the matrices (ai,j)i,jez indexed by Z satisfying 

-k 



y/l + i? + j 2 a i;j -)• -> oo) 

for k € N. The algebra /C°° becomes a Frechet algebra with respect to the family 
of (semi-)norms 



^fc((o»j)i,j£z) = max + « 2 + J 2 

for fc G N. The projective tensor product K,°° (g> .4g is identified to the algebra of 
the ,4g-valued matrices which are rapid decay with respect to the seminorms on Ag 
(loc. cit. Corollary 2.4). 

Proposition 11. The Frechet algebras Z K-ffi (2) T K CT (i) .4 and /C 00 ®^ are 
isomorphic via the correspondences 

(7) Z x^r V ( 2 ) T x ct (d .4 9 «*/(*) i-> k u n m (l,m)i, me z 

(0) 



e 

T 2 



y y ' 'V(s-t,(n-l)8)\l{t))dtds 



and 



[ a t (1) (a) V e- 27 " mt M m di «h e A, 



iiere </ie terms in the left hand side denote elements in Z K^jj ct (2) T X ct (i) ,4 and 
i/ie ones m i/ie rjg/it /land side denote Ag-valued matrices in /C°° ®Ag. 

Proof. These formulae determine well-defined linear maps between the two algebras 
by the assumption on the smoothness of a and the description of the smooth crossed 
products above. 

On the other hand, the multiplicativity in the assertion follows from the bimodulc 
described in Remark[5] We may take a "basis" (Sk®l)k£Z of £0 over the right action 
of Ag . We indicate the case for ([7]) in the following. Suppose that / 6 C°° (T; ^4) 
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is a function of the form t >-> e 2mlt a for some integer I and a 6 A of weight (m, n') 
for cr. First we have 



u n f(t).6 k g> 1 



(otherwise). 



On the other hand we have 

e Ofe+„ 55 a — (Ofc-m+n 59 lj.(e J aj w . 

Hence u n f(t) represents a operator which moves the (m — Z)-th base to the (n — £)- 
th base multiplied by e 27Tieln a^ e \ Thus we need to show that the formula {7J 
applied to our choice of / gives e 2meln 5 n -i >m -i(l' Now, when V and m' 
are arbitrary integers, 

K nf (l',m') = f e 2 "( m '*-(" +m '- r ^)a (s _ ti(n _ ne) (/(t))dtd S 

^2T7i{m't—(n+m' — l')s-{-(s — t)m+(n — l')6n'+lt}^^^^ 

T 2 

( fP-niOin-i'W a (7 + m / _ m = 0jm _ n - m ' + /' = o) 

[0 (otherwise). 

In the nontrivial case of I + m' — m = and m — n — m' + i' = one has I' = n — l 
and (n — i')n' = /n, which is the desired relation. The rest is proved in a similar 
way. □ 

There is also a continuous analogue of the above argument. Let /Cj^P denote 
the algebra of the compact operators on L 2 (R) whose integral kernel belong to the 
Schwartz class on R 2 . The projective tensor product /C§° <E> Ag is identified to the 
algebra of the Ae-valued integral kernels I(x,y) which satisfy 



max 



S k ((x m + y n W x n +d; l )I(x iy )) 



< oo 



for any m, n, ml and n' in N. 

Let <S* (R; A, ) be the convolution algebra of the A- valued Schwartz functions 

with respect to the action a. The action (erW, erf}') restricts to a smooth action on 
this algebra, hence we may take the convolution algebra 

S* (K; S* (K; .A, erM ) , (<rW , of} ) ) 

of the 5*(R; A, (jW)-valued Schwartz functions. Let Rk— (2 ) M x^i) A denote 

this algebra. We write f{t,r) for a typical element of this algebra, where for any 
fixed r, the function t h-> /(i, r) is in <S*(R; A,^). Then one has the following 
analogue of Proposition QT} 

Proposition 12. The Frechet algebras Ik-jj (2 ) R A and /Cj^igjAe are 

isomorphic. The correspondence between these two algebras are given by 

a (2) R K ff(1 ) A 9 /t, T t-¥ fc /t . T (A,/i) = 

ft \(S) 

( jf e 2 "^- (r+ ^ A)s) a (s _ ti(T _ A)e) (/,, T )^drJ , 



and 



/ s fe T = / a\ l) {k{\^))e- 2m ^- x+ ^ t+ ^ s dtdXd^ 4 — i fe(A, A») € Kg 3 <g> A 
Jr 
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Corollary 13. There is a natural isomorphism <5>e : HP* (.4) — > HP* (Ag) between 
the periodic cyclic cohomology groups which is compatible with the identification of 
the K -groups of Corollarv \l(K 

Proof. On the one hand, by Elliott-Natsume-Nest |ENN| Theorem 6.2, one has 
natural isomorphisms 

HP*(R x-ft (2 ) R k ct( i) A) HP* +1 (K n vW A) ~ HP* (.4) 

compatible with the Connes-Thom isomorphism if*(Rix ( 2 ) Rix CT (i) 4) ~ i-C(A). 

On the other hand, by Proposition [T^J one has HP*(R x -~~ (2) R « a (i) A) ~ 

HP*(Ae) (by the stability of HP* for <g> -, loc. cit. Theorem 4.3). Combining 
these and remembering that the isomorphisms involved are transpose to the ones 
between Zf-groups of the C*-algebraic completions, we have the assertion. □ 

Remark 6. Although we need the above continuous crossed product presentation 
of /C§° (g> Ag later in order to investigate the deformation of cyclic cocycles, the 
periodic cyclic cohomology isomorphism of Corollary [T3] itself can be deduced from 
the algebra isomorphism of Proposition [TT] and the result of [Nesj . 

4. Preservation of dimension spectrum under deformation 

We keep the notations A, H, D, a and U as in the previous sections. In general 
the regularity of the spectral triple is not guaranteed to be preserved under a 
deformation as in the case of Podles sphere [NT] . We show that in the case of 
Connes-Landi deformation, the regularity is well preserved. As in the previous 
section consider a spectral triple (A, H, D) endowed with an action of T 2 satisfying 
the condition |T]) and we assume that A = A°°. 

Let B be the algebra generated by S k (a) for a G A+ [D, A] and k G N. Similarly, 
let Be denote the algebra generated by S k (Ag + [D,Ag]) for k G N. 

Now suppose that D is n-summable. Given a bounded operator T on H, the 
function 

Ct(s)=Tt(T\D\- s ) 

is called the zeta function associated to T. This is a priori holomorphic in the region 
{z G C | 5R(z) > n}. If the functions of the form £t for T G B admit meromorphic 
extension to the whole plane C, the dimension spectrum of (A, H, D) is defined to 
be the collection of the polls of the analytic continuation of the functions of the 
form Ct{s) for T G B [CM] , 

Theorem 1. Let {A, H, D) be a regular spectral triple whose zeta functions Qt 
for T G B admit meromorphic extensions to C. Suppose that there is a smooth 
action a by T 2 which is spatially implemented by a strongly continuous unitary 
representation U* on H and satisfies A = A°° . The dimension spectrum of the 
spectral triple (As,H,D) is equal to that of (A,H,D). 

Proof. The elements of the algebra B satisfy the assumption of Lemma[TJ Moreover 
when oi, . . . , Oj are elements of A and k±, . . . , kj are positive integers, one has 

(ai) • • ■ 8 k * (a,)) W = ^ ■ ' ' & ki («f)- 

There is also an analogous identity involving [D, a] for a G A. Hence the algebra 
Be is the collection of the operators of the form T^ 6 ' for T G B. Since D commutes 
with Ut, the function Ct(s) only depends on TVo) for any bounded operator T on 

(0) 

H. Since we have the equality T^ Q ^ = T(o,o)j which leads to Ctw ( s ) — Ct(s). This 
shows that the dimension spectrum of (Ag,H, D) is the same as that of (A, H, D). 

□ 



CONNES-LANDI DEFORMATION OF SPECTRAL TRIPLES 



13 



5. Deformation of invariant cyclic cocycles 

In the rest of the paper we investigate the pairing of the character of the spectral 
triple (Ae,H,D) with K^Ag) for varying Set under the natural isomorphisms 
given by Corollaries [TU1 and [T51 We start with a review of Elliott-Natsume- Nest's 
isomorphism EC n (A) -> HC" +1 (R x CT A), <j> <-> [ENN] . 

Let A be a Frechet *-algebra which is dense and close under holomorphic func- 
tional calculus inside a C*-algebra A. Let a be a smooth action of R on A. 

Recall that close graded traces on graded differential algebras containing A in 
the degree give cyclic cocycles on A, and conversely any cyclic n-cocycle can be 
represented as a closed graded trace on the universal differential graded algebra 
Q(A) = ®Q{A) n (where Q(A) = A and Q(A) n = A® n ® A® n+1 for n > 0). 

Suppose that a cyclic n-cocycle <j) on A is given by a closed graded trace of 
degree n, which is also denoted by <j> by abuse of notation, on a graded differential 
algebra ft containing A in degree 0. Let <S*R be the convolution algebra of the 
Schwartz class functions on R, E the direct sum f2(<S*R)o ©fi(<S*R)i. We construct 
a differential graded algebra structure on f2 ® E containing R x a A in the degree 
as follows. 

The space Q,®Eq is naturally identified to R k J] = <S*(R; fi). There is a deriva- 
tion d: ft® E — >fl®E given by 

d(u> $ /) = (dw) <8> / + (-l) dog "w <g> df 

for any homogeneous element w £ O. On f2(8-Bi, the differential is defined by 
d(w <g> /dg) = (dw) ® /dg. The 1-forms in f2(S*R)i act on by 

4f (w ®g) = d(f(uj ® .g)) - /d(w <8 s). 

These, together with the original product structure of O, defines a structure of a 
graded differential algebra on tl®E. 

Then the closed graded trace on fi„ (g> i?i = <g) <S* (R) ® 5* (R) correspond- 
ing to the cyclic (n + I)-cocycle ^ a <\> over R K CT .4 is defined as follows: 

/ <f>(* s f(-t,t))dsdt. 

-oo JO 

When 4> is invariant under a, © reduces to 

/oo 
t(j)(f(~t,t))dt. 
-oo 

This correspondence of <j> to #cr</> is compatible with the Connes-Thom isomor- 
phism $ CT : K*A ->■ Jf„ + iR k ct A ([ENN], Theorem 6.2). 
Let S denote the generator 

5(a) — lim — at(a) 
v ; t-s-0 dt 

of cr. When is a er-invariant cyclic n-cocycle 

0(/°, . . . , /") = 0(a t (/°), . . . , a t (D) (Vi 6 T 2 ) 
over .A, we obtain a new n + I-cocycle i,s</> QCon3| Chapter 3, Section 6./3) by 

n+l 

is(j)(a dai ■ ■ ■ da n+ i) = (j>(a a dai • • -8(a,j) ■ ■ ■ da n+ i). 

3=1 

On the other hand, noting that the convolution algebra of the A- valued rapid decay 
functions 5*(R; A) is identified to R.K a A, one obtains the dual cocycle </> over Rk ct A 
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by 



for p G 5* (R; A) . We also have the dual action a : R n» R k a A and the iso- 
morphism IkjIk^™^^, which implies RC k (R KjlK„i)~ HC fc (^). 
Regarding these constructions one has the following generalization of |ENN] , Propo- 
sition 3.11. 

Proposition 14. Let <fr be a a -invariant n-cocycle over A. The class of the cyclic 
(n + l)-cocycle is4> in HC ,l+1 („4) agrees with that of #a4>- 

Proof. Let bo, ... , 6 n +i be elements of R tK a A and /o, . . . , f n +i be functions in S*R. 
For each < j < n + 1, bj ® fj represents the element t h-> bjfj(t) 6 <S(R; „4). We 
consider the element 



(10) 



w = (b ® fo)d(h <g> /i) • • • ci(6„ + i ® f n+1 ) 



of Each term in the above can be expanded as d(bj ® fj) = dbj <g> fj + 

bj (gi dfj. Since the terms containing more than one dfj's vanish and the only terms 
contributing to the pairing of w with jfcg-cj) are the elements in VL n ®E\. Hence 
#&<f)(cj) can be expressed as 



(11) 
where 



n+l 

j=i 



tjtf'&jtto: • • • j in+i))C?'(*o 5 ■ • ■ i t n+ i)dto ■ ■ ■ dt n , 



r)j(t , ■ ■ -,t n +i) = b a So (dbi) ■ •■a- aj _ 1 (bj) ■ • • o Sn (db n+1 ), 

£j(to, ■ ■ ■ ,t„+i) = fo(to) ■■■ fj ■■■ f n +l(t n+ i)dfj(tj), 

Sk — to + ■ ■ ■ + tk- 

The derivation Sf(t) = tf(t) on S* (R; R k A) is the generator of the double dual 
action o: RrviXjlK, A The j-th term of (flT]) is equal to 

4>(bo ® fo)d(h ® /i) • • • (8) /j) • • • d(6„+i <g> / n+1 ). 

Collecting these terms we obtain # a (f>(Lu) — i^(f)(u)) — ig(4> €D Tr)(o;). 

There is a one-parameter unitary ut such that the double dual action o is conju- 
gated to Idje ®o on <g> .4 ~ R x ^ R ix er „4 by the formula <j t = Ad Ut o (Idjc <Jt ) ■ By 
Connes's 2 x 2-matrix trick, we obtain an action $(cr, it*) of M on M2(R «a R *o- -4-) 
by 

^/ s £u £12 1\ cTi(xn) «rt(a;i2)ut 

VL x 2i ^22 J/ [ u t o- t (x 2 i) Ad Ut at(x 2 2) 

The generator of this action can be written as 



(12) 



where h is the generator 



( 


x n 


X\2 






X21 


X22 





5(xn) 8(x 12 )-x 12 h 
hx 2 i+S(x 2 i) S(x 2 2) 



h = lim 
t->o 



Ui 



1 



of ut which is in the multiplier algebra of 
S(x) + [h, x\. 



k„4, so that we have S(x) 
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Now, the derivation <5 CTiM< , of (|12[) determines a cyclic n+ 1-cocycle ip = i$ a „ (4>& 
Tr) on M2 (Kk^EKjA). There are two embeddings oflXjlK ff i into M 2 (R K c 
RKj i), given by 

" 



a; 




* 2 (ic) 



x 



The pullback HC*(M 2 (R k 5 R \x a A)) ->■ HC*(R R x CT .4) by these two homo- 
morphisms in cyclic cohomology become the same map. But the pullback of ip by 
*S?i is is4> <8> Tr while the one by ^2 is ig(<j> <8> Tr), hence these two cocycles deter- 
mine the same class in the cyclic cohomology group, which implies i$<p — ^ a <f> in 
HC*(R K a R K a A). □ 



v iA^ik a i i (°)) = ^,o'( a ) 



Now we consider an even regular spectral triple (A, H, D) with an action of T 2 
satisfying A°° = A as in the previous sections. Note that we have the estimates 

d k 

"OF 

for k G N and a G N 2 , where a' = (a% + k, a.2) or a' — (a.\, a 2 + k) corresponding 
to the cases i = 1,2. Hence the actions are smooth action on A°° = A in the 
sense above. 

Let <f> be a cyclic n-cocycle on A which is invariant under a. Then we obtain 
the dual cocycle <p over the crossed product T K CT (i) A. Then again, <f> is invariant 

under the action (crW, a e ). Then we obtain a cocycle <f> on Z K ( 2 ) T CT (i) k .4, 

and with a similar process another cyclic cocycle on R a ci) R x<j(i) -4, which 



we still denote by </>. The cocycle <p induces a one cp > on Ae via the embedding 
given into a corner of 

/C°° <g> Ae ^ Z K^jj ct ( 2) T ff (i) x .4 
by Proposition HT1 We record the formula for <f>^ for a £ A: 
(13) *«(o«...,«#>) 

^ 4'(( a o)m Q ,n , &(l,mi,ii); ■ • ■ ) ^(n,m n ,l„))i 

moH hm„=0,i o H Mn=0 

where &(fc ;mfc ,/ fc ) = e 27Tie ^j< k m ^ lk (au)m k ,l k ■ I n the particular case of n = 0, is 
given by a trace on .4 and <jy- 6 > is given by the corresponding trace 4>^ e \a^) — 
<t>( a (o,o)) = 4>{o)- 

Theorem 2. Let <j) be a a-invariant cyclic n-cocycle on A. Then the cyclic n- 
cocycle <jy^ on Ae corresponds to the nonhomogeneous cyclic cocycle 



(14) 4> + 9i S (i)i s( 2)4> 

on A under the natural isomorphism of Corollary 

Proof. It is enough to check that the cyclic n-cocycle <fi on R x -7^ (2 ) R K CT (i) A 

corresponds to the one of (fl"4"|) on A via the natural isomorphism in HP*. The 

(2) 

action (<5i, (T gt ) of R on R k ct( i) A is generated by the derivation 

5W ( /) s = s / s + ^A (T(0)t2)(/s ). 

Let (J^ 1 * 1 denote the generator of the dual action erW and 8^ that of the action 
a^ 2 \ The equation above shows that 5^ = cK 1 ) + 9S^ 2 \ Applying Proposition [HI 
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the cocycle <fi corresponds to the cyclic cocycle 

ism<f> = i s a)4> + Oismd 

on R k ct (d A. 

The first term i s( i)4> m the right hand side of the above is the cocycle which 
corresponds to 4> under the isomorphism HP*(_4) ~ HP* +1 (R K CT (i) A). On the 
other hand, one has i${z)4> — ig(2)4> for the second term. This n + 1-cocycle on 
R K CT (i) A corresponds to the n + 2-cocycle i S (i)i S (2)(f> on A again by Proposition [HI 
Combining these two, one obtains the assertion of the Proposition. □ 

Example 2. Let M be a compact smooth manifold, endowed with a smooth action 
cr of T 2 . Then M admits a Riemannian metric which is invariant under a. Then 
the algebra of the smooth functions on M, the de Rham complex 0*(M) graded 
by the degree of forms and the operator al + al* densely defined on H = L 2 (0*(M)) 
and the induced representation of T 2 on H satisfies the assumption of this paper. 

The volume form dv on M is invariant under a and it defines an invariant trace 
t ; f i — y J M fdv on C (AT) . Let Xi denote the vector fields on M generating <Xj for 
i = 1,2. By the preceding proposition, the map Kq(CMq) — > C induced by the 
trace r^' on CMg corresponds to the map K°(M) C induced by the current 

/ + 9°dg l A dg 2 M> f f + 9(g° (dg 1 , X 1 ){dg 2 , X 2 ) - (dg 1 , X 2 )(dg 2 , Xy))dv. 

JM 

When E is a vector bundle over M, the above map on the class of E in K°(M) 
gives the number 

ch(E) A (dv + 6i Xl ix 2 dv) = vol(M) rk(E) +9 Ci(E) A i Xl ix 2 dv. 

M ' JM 

5.1. Chern-Connes character of deformed triple. The algebra R x,(i) A acts 
on the Hilbert space L 2 (R)<g)if in the following way: a function / in 5*(R, A) 
transforms vectors in L 2 (R; H) ~ L 2 (R) ® H by 



M/)Ot - / f s u (St0) ^ s ds. 

JR 

Next we define an action of the algebra Ik— (2) R K^y .4 on L 2 (R; by 

(Hf)Ot = f e 2 ^ st (n(nu (0fis) 0tds 
Js. 

for / e 5*(R;Rix (7 (i) A). 

Lemma 15. The correspondence f h4 7t(/) defines a representation o/R < 
RK a( i)ion I 2 (R)®ff. 

Similarly, we have a representation of Z I* ct <2) T K CT (y „4 on i?2^ ® by 



5fe <S> a£ (a£ e i?( m ,„) , / + fc - m = 0) 
(otherwise) 



and wdk ® £ = e 27rmS (5fc + i £ for any £ e H( m n y 

In the following we make a more detailed analysis of the strong Morita equiv- 
alence given by Proposition in relation to the unbounded selfadjoint operator 
D. 

Proposition 16. There is a unitary operator Uq on 1 2 {7L) (§> H satisfying Uq(1 <8> 
D)U = 1 ® D and 

£/*(Z k — j (2) T x a(1 , A)J7 - £&(Z)) ® A- 
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Proof. Let Uo denote the unitary operator on 1-{L cg> H given by Uo5k®£, — e 27Tt0nk o~k+m® 
£ for any fcgZ and £ 6 Hr m ,n)- 

When a G A.(p,g) and £ G H m>n , we have 

U^z l aU S k ® £ = U z l ae 2nmn 5 k+m ® £ 

/ e 2 " e «(P-* ; )+P ,l 4-p <8> < (J + Jfe - p = 0) 
[0 (otherwise). 

This is the effect of e 27r ' Wql e_ L _( l+p ) <g> a (e) G IC(£ 2 Z) ® mia A e on 4 ®£, where e TO) „ 
denotes the matrix element <5fc h-> 5 n ^5m on £ 2 Z for any (m,n) G Z 2 . 

Similarly, one has UqwUo = v <8> 1 where v is the unitary operator ^ 1— > <5fc+i 
on £ 2 Z. Hence we have E/qZ k -77, (2) T x CT< i) AC/ C /C(^2(Z)) ®min^0- One can 

similarly show that Uo(K,(£ 2 Z) <SiAe)UX c Z x-rp (2 , T x CT a) A. □ 

CT 

As a consequence of Proposition [TH] the image under jr of the smooth subalgebra 
Z (2) T x CT (i) .A of Z x -(J) (2) Tk,(i) A have bounded commutators with 1®D. 

In particular, 

(15) (ZK^ ff , 2) TK ff(1) 
is a spectral triple over Z x -75 (2) T x^i) A. 

Corollary 17. TTie character of the spectral triple \15\) corresponds to the map 
induced by the character of D over Ae via the strong Morita equivalence of Lemma 


Proof. The isomorphism of R x -77, (2 j R K^p) A onto Cg> Ag given by Ady is 
equal to the strong Morita equivalence of Lemma [5] By the J7-invariance of 1 g> D, 
its character over Ik-s (2 ) R ^ ff (i) A is identified to that over /C§? <E>^4e- The 
latter induces the same class as the character of D in the cyclic cohomology group 
via the isomorphism HC*(/Cg? <g) Ae) ~ RC*{A e ). □ 

Suppose that (A,H,D) is n-summable (0 < n G 2N). Then the character 
cM/o, •••>/») = Tr s ( 7 /o[F, /!]••• [F, /„]) (F = D l^f 1 ) 
of this triple for is a cyclic n-cocycle which is invariant a. 

Lemma 18. The character of the spectral triple H5\) over Z x -77; (2) T x CT (i) A is 

CT '> cr e 

egwa^ £0 cho. 

Corollary 19. Under the strong Morita equivalence of Proposition^ the character 

of D over Ae corresponds to cho over R x -77. (2) R X CT (i) ,4. 

a > u $t 

Remark 7. As a consequence of Corollary [T9l or directly from the formula (fT3|) . the 
cocycle ch^ H D ^ over Ae agrees with ch(j\.e,H,D)- 

Theorem 3. Let (A, H, D) be an even regular spectral triple endowed with a smooth 
action 0/T 2 satisfying A = A°° . Then the Chern-Connes characters of (Ag,H,D) 
and (A,H,D) induce the same maps on Ko(Ae) via the isomorphism Ag of Corol- 
lary Q21 

Proof. Put cf> = cho. By Corollary \T§[ the character of D over Ae corresponds to 
the cocycle <f> on R x -77c (2) R x CT (i) A. As in the proof of Proposition^ this cocycle 
corresponds to the cocycle i S (i)(f> + 9i S (,2)<f> on R x A. 
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Given an action a on a C*-algebra B, let $ Q denote the Connes-Thom isomor- 
phism |Conj K*B — > K* + i(R x Q B). Let y be any element of Kx(M x A). Then 
one has 

(d*®^ (2)(y)) = {igCD^ + Qismky) = (i s a)4>,y) + 0{i si 2)4>,y). 

Since <fi is equal to a character of a spectral triple, its pairing with any element in 
Ao(R x -733 <2) R ^4) must be an integer. Hence {i^^^y) + 9(ig{2)4>,y) must 

stay inside Z regardless of the value of 9, which implies (ig(2)(f>,y) = 0. 

Let ^> : Ko(Ag) — > A~o(R x (2 ) R k ^(i) A) be the isomorphism given by Propo- 

CT > a et 

sition[9] For any element x G Kq(Aq) 1 one has 

{ch D ,x) = (&¥(ar)) = (j 5( i)0,$^r )ff (2)*(a;)) = (chc,*^)*^,^ *(«)>• 

Since X n- ^^(a;) is the natural isomorphism Ag : Ao(^4e) — >• A (^4), 

one obtains the assertion of the theorem. □ 

Remark 8. In the proof of Theorem [3] we saw that the cyclic (n + 2)-cocycle 
ig(i)i/j(2) chc on A pairs trivially with Ko(A). It is very likely that this cocycle 
gives the trivial class of HP (.A). Note that this phenomenon is specific to the 
cases where one has a unitary representation Ut on H satisfying (TT]). Otherwise, 
2,5(1)1,5(2) chrj can pair nontrivially with Kq(A). For example, the trace r on T 2 
given by the Haar integral is a character of a 2-summable even spectral triple over 
C°°(T 2 ) and one has (igwi^T, K°T 2 ) = Z. 

Remark 9. After a major portion of the results in this paper was obtained the author 
has learned from N. Higson that the invariance of the index pairing as stated in 
Theorem [3] can be explained in a purely C*-algebraic framework as follows: let R 
act on the C*-algebra R x ct( d A(g) min C[0, 1] by (aW,^) at the fiber of 9 e [0, 1]. 
Then the resulting crossed product algebra R k (R x CT <i) A ® m - m C[0, 1]) act on the 
Hilbert space L 2 (R) (g> H <g) L 2 ([0, 1]) determined by the action of R x (2) Rx CT (i) 

A as described at the beginning of Section 15.11 and the pointwise multiplication 
representation of C[0, 1] on L 2 [0, 1]. Then the R x (R k ct(1) A(g> min C[0, 1])-C[0, 1]- 
module L 2 (R) (§) H (g L 2 ([0, 1]) together with the unbounded C[0, l]-endomorphism 
1l 2 (r) 1l 2 ([o,i]) define an element a of KK(R x (R x^i) A <g) m i n C[0, 1], C[0, 1]). 

The evaluation at 9 <E [0,1] gives us KK-equi valences 

ev e : R x (R K„m A ® min C[0, 1]) ~kk R k rTn m » ^d) -4, 

" '"Si 

ev e : C[0, 1] — kk C. 

These KK-equivalences intertwine a and the element of K°(Ag) given by D, while 
the composition evooev^" 1 gives the natural isomorphism between Kq(Aq) and 
Ko(A). 
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